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Abstract
In this paper, we prove that the linear transformation
yi =
i∑
j=0
(
m+ i
n+ j
)
xj , i = 0, 1, 2, . . .
preserves the log-concavity property.
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1. Introduction
Log-concave sequences arise often in combinatorics, algebra, geometry, computer
science, probability and statistics. There has been a considerable amount of research
devoted to this topic in recent years (see [5] for an excellent survey and [2] for
further supplements). The purpose of this paper is to present certain linear maps on
sequences that preserve the log-concavity property.
Let {xi}i0 be a sequence of non-negative real numbers. We say that {xi} is log-
concave if xi−1xi+1  x2i for all i  1. For our purpose, when a sequence {xi} is
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said to be log-concave we always assume that it has no internal zeros, i.e., there are
no three indices i < j < k such that xi, xk /= 0 and xj = 0. This is a natural assump-
tion for sequences since most of the log-concave sequences of interest to us actually
meet the condition. Thus a sequence {xi} is log-concave if and only if xi−1xj+1 
xixj for any j  i  1 (see, e.g., [1, Proposition 2.5.1]). We say that a linear trans-
formation
yi =
∑
j0
aij xj , i = 0, 1, 2, . . . (1)
is PLC if it preserves log-concavity, i.e., log-concavity of {xj } implies that of {yi}.
So far there have been found some important linear transformations that are PLC.
For example, it is well known that the linear transformation
yi =
i∑
j=0
(
i
j
)
xj
is PLC (see [1, Theorem 2.5.7] or [4, Theorem 7.3]). Recently, Ehrenborg and Stein-
grimsson showed that the linear transformation
yi =
i∑
j=0
(
1 + i
j
)
xj
is also PLC [3, Lemma 5.2]. In this paper, we prove the following more general
result.
Theorem 1. Let m, n be two non-negative integers. Then the linear transformation
yi =
i∑
j=0
(
m+ i
n+ j
)
xj , i = 0, 1, 2, . . . (2)
is PLC.
2. Proof of the theorem
Without loss of generality, we may assume m  n. Let {xj } be a log-concave
sequence and {yi} the sequence defined by (2). Obviously, the sequence {yi} is non-
negative and has no internal zeros. It remains to show that i = y2i − yi−1yi+1  0
for each i  1. For u  v, let Cu,v be the coefficient of xuxv in i . For convenience,
set xj = 0 if j < 0 and Cu,v = 0 if u < 0 or u > v. Denote
Sk =
∑
0jk/2
Cj,k−j xj xk−j .
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Then we have i =∑0k2i Sk . So it suffices to show that Sk is non-negative for
each k.
If k = 2i, then
Sk =
(
m+ i
n+ i
)2
x2i −
(
m+ i − 1
n+ i − 1
)(
m+ i + 1
n+ i + 1
)
xi−1xi+1  0
by the log-concavity of xi and the binomial coefficients
(
m+ i
n+ i
)
for i.
In what follows we consider the case k < 2i. Let
Ck =
∑
0jk/2
Cj,k−j and Ck =
∑
rjk/2
Cj,k−j ,
where
r =
{
0 if 0  k < i,
k − i + 1 otherwise.
We first show that Ck and Ck are non-negative.
Observe that the generating function of Ck is
2i∑
k=0
Ckx
k =


i∑
j=0
(
m+ i
n+ j
)
xj


2
−


i−1∑
j=0
(
m+ i − 1
n+ j
)
xj


×


i+1∑
j=0
(
m+ i + 1
n+ j
)
xj

 .
Denote
fi(x) =
i∑
j=0
(
m+ i
n+ j
)
xj .
Then
fi+1(x)=
i+1∑
j=0
(
m+ i + 1
n+ j
)
xj
=
i+1∑
j=0
(
m+ i
n+ j − 1
)
xj +
i+1∑
j=0
(
m+ i
n+ j
)
xj
= (x + 1)fi(x)+
(
m+ i
n+ i + 1
)
xi+1 +
(
m+ i
n− 1
)
,
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and so
2i∑
k=0
Ckx
k = f 2i (x)− fi−1(x)fi+1(x)
= f 2i (x)− fi−1(x)
×
{
(x + 1)fi(x)+
(
m+ i
n+ i + 1
)
xi+1 +
(
m+ i
n− 1
)}
= {fi(x)− (x + 1)fi−1(x)} fi(x)
−
{(
m+ i
n+ i + 1
)
xi+1 +
(
m+ i
n− 1
)}
fi−1(x)
=
{(
m+ i − 1
n+ i
)
xi +
(
m+ i − 1
n− 1
)}
fi(x)
−
{(
m+ i
n+ i + 1
)
xi+1 +
(
m+ i
n− 1
)}
fi−1(x).
When 0  k < i, we have
Ck=
(
m+ i − 1
n− 1
)(
m+ i
n+ k
)
−
(
m+ i
n− 1
)(
m+ i − 1
n+ k
)
= (m+ i − 1)!(m+ i)!
(n− 1)!(n+ k)!(m+ i − n+ 1)!(m+ i − n− k)! (k + 1)
and Ck = Ck .
When k = i, we have
Ck =
(
m+ i − 1
n+ i
)(
m+ i
n
)
+
(
m+ i − 1
n− 1
)(
m+ i
n+ i
)
and Ck = Ck − C0,i . However,
C0,i = 2
(
m+ i
n
)(
m+ i
n+ i
)
−
(
m+ i − 1
n
)(
m+ i + 1
n+ i
)
.
It follows that
Ck = (m+ i − 1)!(m+ i)!
n!(n+ i − 1)!(m+ i − n)!(m− n+ 1)! (i − 1).
When i < k < 2i, we have
Ck=
(
m+ i − 1
n+ i
)(
m+ i
n+ k − i
)
−
(
m+ i
n+ i + 1
)(
m+ i − 1
n+ k − i − 1
)
= (m+ i − 1)!(m+ i)!
(n+ i + 1)!(n+ k − i)!(m− n)!(m− n+ 2i − k)! (m− n)(2i − k + 1)
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and Ck = Ck − Ck−i,i − Ck−i−1,i+1. However,
Ck−i,i = 2
(
m+ i
n+ k − i
)(
m+ i
n+ i
)
−
(
m+ i − 1
n+ k − i
)(
m+ i + 1
n+ i
)
and
Ck−i−1,i+1 =
(
m+ i − 1
n+ k − i − 1
)(
m+ i + 1
n+ i + 1
)
.
Hence
Ck = (m+ i − 1)!(m+ i)!
(n+ i − 1)!(n+ k − i)!(m− n+ 2i − k)!(m− n+ 1)! (2i − k − 1).
So Ck  0 and Ck  0 for each k.
We then demonstrate that there exists an index s such that Cj,k−j is non-positive
for r  j < s and Cj,k−j is non-negative for s  j  k/2. In fact, we have
Cj,k−j = 2
(
m+ i
n+ j
)(
m+ i
n+ k − j
)
−
(
m+ i − 1
n+ j
)(
m+ i + 1
n+ k − j
)
−
(
m+ i − 1
n+ k − j
)(
m+ i + 1
n+ j
)
= (m+ i − 1)!(m+ i)!
(n+ j)!(n+ k − j)!(m+ i − n− j + 1)!(m+ i − n− k + j + 1)!Aj
for r  j < k/2 and
Cj,k−j =
(
m+ i
n+ j
)2
−
(
m+ i − 1
n+ j
)(
m+ i + 1
n+ j
)
= (m+ i − 1)!(m+ i)!
2{(n+ j)!(m+ i − n− j + 1)!}2Aj
for j = k/2 (when k even), where
Aj = 2(m+ i)(m+ i − n− j + 1)(m+ i − n− k + j + 1)
− (m+ i + 1)(m+ i − n− j + 1)(m+ i − n− j)
− (m+ i + 1)(m+ i − n− k + j + 1)(m+ i − n− k + j).
Thus Cj,k−j has the same sign as that of Aj for r  j  k/2. Note that the de-
rivative of Aj with respect to j is 2(2m+ 2i + 1)(k − 2j)  0. Hence the sequence
{Aj } is increasing and changes the sign at most once. Clearly, Aj must eventually be
non-negative (otherwise all Cj,k−j < 0 for r  j  k/2, contradicting Ck  0).
Let s be the smallest value of j such that Aj  0. Then Cj,k−j  0 for r  j < s
and Cj,k−j  0 for s  j  k/2.
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Finally we prove that Sk is non-negative. By the log-concavity of the sequence
{xj }, we have xuxk−u  xvxk−v for 0  u  v  k/2. Hence Cj,k−j xj xk−j 
Cj,k−j xsxk−s for all r  j  k/2, and therefore∑
rjk/2
Cj,k−j xj xk−j 
∑
rjk/2
Cj,k−j xsxk−s = Ckxsxk−s  0.
We complete our proof by distinguishing two cases.
Case 1: Ck−i−1,i+1 + Ck−i,i  0. Note that Ck−i−1,i+1  0. It follows that
Sk =
∑
0jk/2
Cj,k−j xj xk−j
= Ck−i−1,i+1xk−i−1xi+1 + Ck−i,ixk−ixi +
∑
rjk/2
Cj,k−j xj xk−j
 (Ck−i−1,i+1 + Ck−i,i )xk−ixi +
∑
rjk/2
Cj,k−j xj xk−j
 (Ck−i−1,i+1 + Ck−i,i )xsxk−s + Ckxsxk−s
= Ckxsxk−s  0.
Case 2: Ck−i−1,i+1 + Ck−i,i  0. We then have Ck−i,i  0, so that
Sk=Ck−i−1,i+1xk−i−1xi+1 + Ck−i,ixk−ixi +
∑
rjk/2
Cj,k−j xj xk−j
(Ck−i−1,i+1 + Ck−i,i )xk−i−1xi+1 + Ckxsxk−s  0.
3. Remarks
A sequence {xi} is said to be eventually vanishing if xi /= 0 for only a finite num-
ber of indices i. We identify a finite sequence x0, x1, . . . , xn with an eventually van-
ishing infinite sequence x0, x1, . . . , xn, 0, 0, . . . A linear transformation is said to be
weak preserve log-concavity (WPLC) if it send any eventually vanishing log-concave
sequence to a log-concave sequence. Clearly, a linear transformation is PLC implies
that it is WPLC. It is well known that the linear transformation
yi =
∑
ji
(
j
i
)
xj , i = 0, 1, 2, . . .
is WPLC (see for instance [1, Theorem 2.5.3]). By the same technique used in the
proof of Theorem 1.1, we can show that the linear transformation
yi =
∑
ji
(
m+ j
n+ i
)
xj , i = 0, 1, 2, . . .
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is also WPLC (see [6] for the case m = 1 and n = 0). This result may be viewed as
the transpose version of Theorem 1.1.
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